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Composites based on titanium and aluminium have been attracting attention for decades.
One of the possible ways of creating such composites is based on reaction sintering,
which implies sintering with accompanying chemical reactions, the consequence of
which is a change in phase composition. The number of reactions may directly include
those that lead to the formation of the hardening phase. Mixtures of the Ti-Al-Fe-Fe2O3
type, where the source of iron oxide is metalworking waste, are very promising for use
in this direction. However, for multicomponent systems the regularities of phase for-
mation, as well as the appearance of stresses in the diffusion zone, are not obvious and
are not the same for the entire volume of reaction mixtures. The present paper describes
general ideas and methods of modelling for reactive sintering and gives an overview of
the situations that are most important for phase formation in a selected mixture. It is
shown that the dynamics of phase growth and stresses can be different in different local

volumes with various variants of particles meeting each other.
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1. INTRODUCTION

Composites based on titanium and aluminium are used in
various industries due to a good combination of important
properties: relatively low density, high strength and corro-
sion resistance. Additional components are widely used
both in the form of simple elements and in the form of
chemical compounds (oxides, borides, carbides, silicides),
which significantly increase functional, physical and me-
chanical characteristics of titanium-based alloys. One of
the possible options for creating composites is the use of
reaction sintering, during which the strengthening phase
in the form of oxides is directly synthesised. For example,
in the system Ti+Al+Fe+Fe,O3, depending on the percent-
age of powders, the homogeneity of mixing and the nature
of heating, it is possible to identify different variants of
meso-volumes, in which the sequence of reactions and ac-
companying phenomena can lead to different phase com-
position. As a result, the composition of the whole com-
posite will be very heterogeneous. In order to analyse

possible variants of development of events in the condi-
tions of reaction sintering on the basis of literature data in
Refs. [1,2], specific variants of particles meeting with
each other and variants of phase formation under changing
temperature conditions were analysed. The systems Ti+Al
(reactions take place in the melt) and Ti+Al (interaction
takes place in the solid phase in a diffusion pair at constant
temperature); three variants of interphase interaction are dis-
tinguished: Ti (melt)+Fe;Os (solid); Al (melt)+Fe,O;3 (solid);
(Ti+Al) (melt)+Fe,Os (solid). At equilibrium synthesis of
materials from binary powder mixtures at the interface of
interacting components the so-called diffusion zone is
formed, which, as a rule, is multilayer (multiphase) and is
largely determined by the processes of mutual diffusion in
the phases. In nonequilibrium conditions and in multicom-
ponent systems kinetic regularities are not obvious and are
different in different local volumes.

In the present paper, an overview of the basic concepts
of phase growth in the diffusion zone is given (Section 2.1)
and examples of works in which the stresses accompanying
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phase formation are evaluated are given (Section 2.2). Fur-
ther, within the framework of the theory of reactive diffu-
sion, the main situations leading to inhomogeneous phase
composition are described (Section 3.1) and a comparison
of the magnitudes and distributions of stresses in regions
containing mobile phase-separation boundaries is given
(Section 3.2). In fact, Section 3 of the paper presents a small
review of the authors' work on the theoretical study of phase
formation in the system under reaction sintering conditions.

2. THE SIMPLEST IDEAS ABOUT PHASE
GROWTH IN THE DIFFUSION ZONE AND
ASSOCIATED STRESSES

2.1. Problems of the reactive diffusion theory

The term ‘reactive sintering’ is defined in Ref. [3] as solid-
phase sintering of multicomponent systems accompanied
by the interaction of components and the formation of
chemical compounds. However, reactive sintering can
also occur in the presence of a liquid phase, which signif-
icantly facilitates the interaction of components. In both
cases, solid phases participate in chemical reactions that
leads to the necessity to consider diffusion as a full-valid
stage of chemical reactions.

In diffusion theory there are several different con-
cepts [4], which are directly relevant to modelling the pro-
duction of new materials. Diffusion of foreign atoms in a
material is called heterodiffusion, in contrast to self-diffu-
sion, which occurs in the absence of a chemical potential
gradient. Chemical diffusion [5] (diffusion in substances
of variable composition; diffusion under the action of a
chemical composition gradient) and reactive diffusion [6]
(diffusion together with a chemical reaction) are often
used as practically identical concepts. Further we will un-
derstand by chemical diffusion the diffusion in one phase,
and by reactive diffusion—diffusion in a system with sev-
eral phases, the ratio between which changes. Problems of
reactive diffusion occur in different sections of materials
science and are directly related to the formation of com-
position in the synthesis of new materials, the evolution of
composition in different processes of surface treatment
and corrosion of materials and coatings in a chemically
active medium. When formulating the corresponding prob-
lems, it is taken into account that the stages limiting the rates
of chemical reactions are diffusion processes [6—8]. The
term ‘Multiphase diffusion’ is encountered in the English-
language literature, which implies diffusion leading to the
formation of a new interface, new phases, solid solutions
and/or chemical compounds, i.e., we are also talking about
reactive diffusion.

One of the first models of the theory of reactive diffu-
sion is considered to be the Wagner oxidation model,

which takes into account the reaction on the outer surface
of the growing oxide film, the reaction on its inner surface,
and the diffusion of ions to each other through this layer.
Similar models take place for other diffusion-controlled
reactions. The simplest problem on the growth of a single-
layer oxide film on a metal surface in neglecting the solu-
bility of oxygen in the metal can be formulated as follows:

ac_of o).
ot Ox ox

c(0,0)=C,, C(&1)=C,, C(x>&,1)=0;

x=&: —Da—C:Czﬁ.
ox dt

At the initial point in time, there is only the starting mate-
rial. The last relation is a mass balance and follows from
the condition that all diffusant supplied to the growing
phase through the surface x =  above the concentration
C,, goes to the formation of a new phase.

Two simple methods are popular for the analytical so-
lution of such problems. In one of them the solution is
sought in the form

C=A4+Bd(z),
where

X

d)(z):erf(z):%iexp(—yz)dy, z= Tk

The distribution of concentrations has the form

Cz _C]

X
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Since the solution must be true at any point in time, in-
cluding the initial one, we must take

¢ =2a\/Drt .

Hence, the condition for the flux gives a transcendental
equation for finding the constant a

%:aﬁ@(a)exp(cﬁ) (1)

2

and concentration distribution

C=C1+C2_C‘(D( s ] )

erf(a) 2Dt

For small a we obtain from Eq. (2):

a= 975 3)
2,
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In this case

£=2a\/Dt ~2 /D%t. (4)
2

Another way of determining the growth law of the new
phase is reduced to the quasi-stationary approximation,
which, by definition, does not work at small times, actu-
ally corresponding to the stage of formation of a continu-
ous interface between the new and old phases. In this
method, the distribution of concentrations between sur-
faces x = 0 and x =& follows from the stationary equation

i(Dﬂj =0
dx dx

and has the form
X
C=C1+(C2—C,)€. (%)

The law of motion of the boundary follows from mass bal-
ance:

i= pG=S,
G

This formula coincides with Eq. (4).

However, if the condition of smallness of the parame-
ter a is not fulfilled, the difference in the results obtained
by different methods can be significant. This is illustrated
by Figs. 1 and 2, for which ¢ — 1. Both methods give a
parabolic growth law. However, by the same point in time,
shown by the dashed vertical line in Fig.1, the sizes of the
oxide phases are significantly different (Fig. 2a). The con-
centration distributions in the phases are also different
(Figs. 2a,b).

If in this simple model we take into account the diffu-
sion into the basic material, the condition at the moving
boundary will take the form

g

x:‘i(t): [JZ_JMe]:[CZ_CMe]E7 (6)

g
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Fig. 1. Change in the position of the interphase boundary with time
in the example of Al2Os phase growth. 1 — first method, 2 — second
method. C, =0.8, C, =0.01, 7= 1000 K, D=6.9-10* um?¥s.
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Fig. 2. Concentration distribution in the region of the new phase
(AL203) at the time # =3 s (a) and in transient layer of the same
thickness (b).

where J,, =-D,, (6C/ox) is the diffusant flow on the
metal side; J, =—D, (6C/ox) is the diffusant flux from
the growing phase side.

Note, that both methods are approximate as well as
the problem statements of theory of reactive diffusion
themselves.

Similar problems, taking into account various cou-
pled effects, are applied to the processes of chemical-
thermal treatment, welding, coating and others. The the-
ory is easily generalised to samples of spherical and cy-
lindrical shapes, including the interaction of metals with
gases [9,10]; to the description of the growth of several
layers [11]. However, the simultaneous appearance and
further growth of more than two layers of new phases in
binary systems [6] is rather an exception than a rule. At-
tempts of generalisation to the processes of phase growth
in the presence of defects and different variants of defect
formation are known [12,13]. However, the parabolic
growth law is not always fulfilled, which is due to both
geometrical factors and competing processes of phase for-
mation. In complex media, kinetic features of phase for-
mation are associated with the presence of cross diffusion
fluxes; with the influence of defects, mechanical stresses
and electromagnetic fields on diffusion [5,14,15]. It is
known that bulk diffusion is not necessarily the process
controlling the rate of reactive diffusion for all alloy sys-
tems. The unification of the theories of diffusion along
grain boundaries [16] and reactive diffusion is consid-
ered in works [17—-19]. The model [17] is applied to ex-
plain the growth of silicide between metal and silicon. It
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is assumed that the columnar grain boundaries of silicide
are perpendicular to the interface between the parent
metal and the growing phase, diffusion proceeds pre-
dominantly along the grain boundaries, and their collec-
tive influence is accounted for through structural param-
eters that are formally introduced from physical
considerations for an individual intergrain boundary. In
Ref. [18] it is argued that there is one essential difference
between grain boundary diffusion in the presence and in
the absence of chemical compound formation, associated
with the presence of an equilibrium phase boundary at
the growth boundary. In order for the newly formed
phase to grow, enough material must arrive at the growth
boundary to satisfy the minimum requirements for the
composition of the new phase. The two-dimensional
model corresponds to two grains of the same size with an
intergrain boundary between them, which is located be-
tween the original phases. The interfaces are perpendic-
ular to the intergrain boundary. Numerical calculations
by the authors show that in physically reasonable situa-
tions, there is a linear concentration profile at and around
the grain boundary corresponding to stationary condi-
tions. The authors of Ref. [19] analyse the kinetics of re-
active diffusion in a hypothetical binary system and as-
sume that a single intermetallic compound can form
between the two primary phases. The interface between
the phases is assumed to be flat; the reasoning leads the
authors to a one-dimensional problem in which the
growth rate of a new phase is controlled by the mutual
diffusion coefficient.

In the review [20] it is stated that diffusion along grain
boundaries accompanied by the formation of new phases
can be one of the reasons for the migration of grain bound-
aries and the formation of new grains. Grain growth in the
process of reactive diffusion in Ref. [21] is directly related
to the formation of intermetallic compounds. The author
proposed two models: (1) solid-phase reaction and grain-
boundary diffusion occur simultaneously and (2) trans-
verse grain growth occurs due to diffusion, followed by a
sequential chemical reaction. In Refs. [22-24], when
modelling the formation of the oxide layer in intermetal-
lides, it is assumed that reactions take place both in the
volume and in clearly separated grain boundaries (in the
boundary phase). The boundaries separating the oxide
phases from the initial phases are not explicitly distin-
guished in the model, but can be determined using direct
calculations from the additional condition. A similar ap-
proach to modelling of the surface treatment process with
explicit separation of diffusion in the volume and along
grain boundaries is used in Ref. [25].

In general, a great number of works are devoted to dif-
fusion and phase formation in binary systems. A part of
them refers to real systems, while another part refers to

hypothetical systems, thermodynamic justification and
modelling issues of fundamental character. Thus, the the-
ory of “mutual consumption” proposed in Ref. [26] and
used in Ref. [27] to describe the growth of multilayer films
does not explicitly consider the distribution of concentra-
tions in the phases. The theory uses the assumption of the
existence of a well-defined stoichiometric composition
and structure for each layer and the existence of equilib-
rium conditions at the phase boundaries. The overall re-
action occurring at a particular interphase boundary is
determined by the ratio of the rates of accumulation of
atoms A and B at this boundary and takes into account
that the growth rate of any phase affects the growth
and/or absorption of neighbouring phases. Another vari-
ant of the theory [28], which takes into account the rela-
tionship between reaction rates at each of the boundaries
and the number of atoms of the interacting components
absorbed in the reaction depending on their stoichiome-
try, leads to similar equations for the positions of the in-
terfaces. Reactive diffusion in a binary system, due to
which layers of chemical compounds (intermetallides, sil-
icides, oxides, etc.) are formed, is analysed in Ref. [29].
The author considers the formation of a new phase as a
result of two “different” chemical reactions at the bound-
aries with the initial phases; he distinguishes critical thick-
nesses and modes of layer growth. The presence of a criti-
cal thickness is associated with a slowdown in the diffusion
of reactants through the reaction product layer [30]. The au-
thor of Refs. [31,32] analyses the kinetics of reactive dif-
fusion in a hypothetical binary system consisting of one
intermetallic compound and two primary phases of solid
solutions. The interface migration is assumed to be con-
trolled by bulk diffusion in the neighbouring phases. Ac-
cording to the obtained solution, the square of the interme-
tallic compound thickness increases proportionally to the
annealing time, and the main parameters controlling the
growth rate are the diffusion coefficient and the solubility
range of the intermetallic compound. For the same hypo-
thetical binary system, the influence of the temperature de-
pendence of the solubility of each phase on the kinetics of
reactive diffusion has been analysed. In Ref. [33] the Stef-
an's condition is explicitly recorded at the interfaces, the
drift velocity of the interfaces is introduced, which is re-
lated to the Kirkendall effect. The binary system is also
analysed in Ref. [8], where the vacancy flux is included in
the flux balance, and the equilibrium conditions of the
phases are written directly using chemical potentials. In
Ref. [34], it is shown that taking into account non-ideal
sources and sinks of vacancies we can study not only the
thickness of layers of individual phases in time, but also
reveal the role of the Kirkendall effect (“change in the dis-
tance between markers due to local swelling/compression
caused by generation/annihilation of vacancies”), and the
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evolution of concentration profiles in individual phases.
Non-equilibrium vacancies are also taken into account in
earlier works [35]. In Ref. [36], the author specifies some
criteria for the growth of phases and points out that a given
phase grows the faster the greater the mutual diffusion co-
efficient in the phase, the wider the homogeneity region of
the phase, the closer the phase is to the edge of the diffu-
sion zone, the smaller the initial concentration difference
of the initial components of the diffusion pair, and the
smaller the diffusion parameters of the other simultane-
ously growing phases.

Problems based on the theory of reactive diffusion
were formulated when analysing the sintering process of
powders containing metal shavings as a waste product of
metalworking production. Due to the heterogeneous com-
position of Ti-Al-(Fe+C)-Fe,O3 powder pressings, differ-
ent sequences of diffusion-controlled processes are real-
ised in different parts of the sample under sintering
conditions [1,2], which lead to different variants of diffu-
sion-chemical problems with moving boundaries [37-39].
Depending on the temperature range, the sequence of
stages can also change.

It is known that when the diffusion rate is much higher
than the chemical reaction rate, the process of growth of a
new phase is controlled by the chemical reaction. Under
such conditions, the time dependence of the thickness of
the new phase layer can have an almost linear character.
In the opposite situation, if the diffusion process is the
controlling factor (the slowest stage), the time dependence
of the oxide thickness is usually parabolic. However, in
most situations one cannot ignore both diffusion and
chemical processes [40 42]. In addition, chemical, diffu-
sion and mechanical processes are closely interrelated,
which requires the creation of appropriate models.

2.2. Chemical stresses during reactive diffusion

The interaction products are refractory and have different
physical and mechanical properties, which leads to the ap-
pearance of chemical stresses in local regions, which can
be estimated on the basis of approximate analytical solu-
tions. Both the analysis of possible mechanisms of phase
formation within the framework of the reactive diffusion
theory and the calculation of mechanical stresses accom-
panying phase formation processes each time represent a
separate problem and require additional assumptions. This
entails the appearance of numerous publications with dif-
ferent applications.

Thus, when studying the mutual influence of diffusion
and stresses in a hollow cylinder in Ref. [43], an explicit
expression for the hydrostatic stress following from the
solution of the equilibrium problem taking into account
diffusion stresses was used. This allowed the authors to

introduce an effective diffusion coefficient related to the
elastic modulus and partial molar volume. The authors es-
tablished a quantitative difference in the concentration
profiles for a cylinder with a given constant surface poten-
tial and with a constant surface stress. The change in com-
position associated with the appearance of new phases is
not analysed in this work.

When building a model of oxidation of SiC fibres, the
authors of Ref. [40] take into account that the oxidant dif-
fuses through the oxide due to chemical potential differ-
ences, chemical reactions occur at the interface between
the oxide and the substrate, at the interface there is often a
significant volume swelling caused by the phase transfor-
mation of the starting material into the oxide. Large elas-
tic-viscoplastic deformations can occur. The authors [40]
solve the problem of oxide layer growth in the diffusion-
kinetic approximation, without distinguishing explicit
boundaries, but take into account the change in the diffu-
sion activation energy [44] with hydrodynamic pressure
(hydrostatic stress), which follows from the mechanical
part of the problem.

The solution of the hollow ball equilibrium problem
was used in Ref. [45] to estimate the mechanical stresses
in it associated with the different arrangement of alumin-
ium and copper layers, between which intermediate
phases could be formed. The change of volume due to the
change of composition is attributed by the authors to plas-
tic relaxation, although the defining relations are similar
to those used in the theory of thermoelastic diffusion. Near
the interfaces, the stresses exceeded 1 GPa. A similar ap-
proach to stress estimation was used in Ref. [46] to de-
scribe reactive diffusion and associated stresses in a cylin-
drically shaped nanostructure. The authors emphasise the
volume change due to the generation and annihilation of
vacancies, and in recording the fluxes of the components
they take into account the change in their chemical poten-
tials due to the change in the potential of the vacancies and
the hydrostatic pressure defined through the first invariant
of the stress tensor. The conditions at the interfaces are not
explicitly formulated by the authors in either paper.

About chemical stresses many authors [47—49] speak
only because at formulation of the diffusion problem the
expression for the chemical potential is used explicitly.
Formation of new phases does not occur at that. In partic-
ular, Ref. [47] analyses the stresses induced by radial dif-
fusion into an incompressible solid sphere, which is con-
sidered isotropic and elastic. Linear and nonlinear theory
options are considered. In Ref. [48] the important role of
anisotropy in modelling diffusion-induced stresses is em-
phasised. The model discussed in Ref. [49] formally takes
into account the dependence of the Li-Si reaction rate on
the crystallographic orientation and plasticity at large
strains: a sharp phase boundary with a sharp change in Li

Reviews on Advanced Materials and Technologies, 2024, vol. 6, no. 3, pp. 132-156



A.G. Knyazeva, M.A. Anisimova: Stresses in local volumes during reactive sintering of powder mixture... 137

concentration is a consequence of the concentration de-
pendence of the diffusion coefficient. The chemical trans-
formations proper are not modelled. In Ref. [50], the solu-
tions of coupled (taking into account the influence of
stresses on diffusion) and uncoupled problems (without
taking stresses into account) for a spherical cell of a lith-
ium-ion battery without a change in the phase state are
compared. In Ref. [51] it was shown that the contribution
of diffusion-induced stresses to the overall stress state of
the crystal during growth can be comparable to the contri-
bution from thermal stresses. In Ref. [52], a relationship
between surface energy, surface tension and the magni-
tude of diffusion-induced stresses in nanowires was pos-
tulated. The authors showed that diffusion induced
stresses, especially tensile stresses, can be significantly re-
duced by surface effects. In Ref. [53], it is shown that
changing the elastic modulus with composition can slow
down or accelerate the redistribution of concentrations.
The authors of Ref. [54] indicate that chemical stresses are
associated with diffusion accelerated mass transfer. In
their opinion, the condition of constant chemical potential
at the boundary is more consistent with real conditions
than concentration constancy.

There are generalised theories, the analysis of which
requires special consideration. Let us note only some of
them. Thus, the density tensor, tensors of concentration of
components, tensors of chemical potentials and mass
fluxes as tensors of the third rank are introduced in
Ref. [55] at construction of the diffusion theory for metals.
In this case the diffusive flux of matter is associated not only
with the gradient of the volume expansion (or the trace of
the stress tensor), but also induced by the gradients of each
of the components of the strain (or stress) tensor. A series
of papers by F.C. Larche and J.W. Cahn [56-58] is devoted
to the analysis of general relations for chemical potentials
and the establishment of conditions at interfaces. The au-
thors showed that different equilibrium conditions are ob-
tained depending on the presence or absence of vacancies
and on which of the three types of contact takes place—
coherent or incoherent interfaces, solid-solid or solid-lig-
uid interfaces. The authors point out that in some particu-
lar cases of geometries the influence of stresses on diffu-
sion is reduced to an additional dependence of the
diffusion coefficient on concentrations, but this is not the
only factor that should be taken into account. Problems of
construction of generalised theories of matter transport in
solids, including nonlocality and memory effects, are dis-
cussed in Ref. [59]. The author emphasises that it is the
introduction of suitable defining relations that allows one
to distinguish, for example, diffusion in stressed and un-
stressed solids, diffusion of viscous and non-viscous solu-
tion or diffusion in elastic and inelastic materials. The pa-
per presents a formula for diffusion in a nonlinear stress

field and gives a brief discussion of diffusion in a nonlin-
ear elastic body. The theories of Fick and Darcy types are
obtained as special cases of this model.

V.S. Eremeev [60] gives a generalisation of the theory
of diffusion by replacement and introduction of mecha-
nisms for an elastic isotropic body and for a viscoelastic
isotropic body of general form. At the same time, he gives
solutions of equilibrium problems for bodies of the sim-
plest geometrical forms (plate, cylinder, sphere), which
are actually repeated with different variations in numerous
publications of the last years [61,62]. The authors of
Refs. [63,64], when constructing a model of a solid me-
dium with diffusion, use a multiplicative representation of
the strain rate tensor and distinguish eigenstrains due to
composition changes and viscous deformations at high
temperatures. And in Refs. [65,66] the theory of chemical
diffusion under the action of electromagnetic field is pro-
posed. As a result, linear defining relations in the same
form as in classical linearised models of thermoelastic dif-
fusion are obtained. The authors claim that they have de-
veloped a thermodynamically consistent continuum the-
ory of coupled deformation, mass diffusion, heat
conduction and chemical reactions. However, the degree
of transformation or reaction coordinate has long been
used in the thermodynamic description of chemically re-
acting systems simultaneously with the concentrations of
the components [67—-69].

Gradient mechanisms of elastic deformation are taken
into account in Refs. [70,71] when building models of me-
dia with diffusion and chemical reactions. The authors
claim that such approaches are useful in constructing mod-
els of physicochemical processes for nano- and microscale
structures. In Ref. [72], a micropolar approach is used to
derive the defining relations and then the inhomogeneous
stress-strain state of a cylindrical metallic sample is mod-
elled. The boundary condition used in the considered
boundary value problem reflects the influence of structural
defects located at the boundary. The diffusion coefficient
depends on the temperature according to the Arrhenius
law, with the diffusion activation energy depending on the
strain energy. It is also emphasised in Ref. [73] that
stresses can also influence the diffusion process through
additional terms in the diffusion equation, as well as
through a change in the diffusion activation energy
through a change in chemical affinity [74,75]. The authors
consider the latter effect to be determinant.

In the present work we consider solutions of partial
problems of the reaction diffusion theory, which model the
processes of phase formation during sintering in the com-
plex system Ti-Al-Fe-Fe,O3 with the use of quasi-station-
ary approach. At the same time, we estimate local stresses
associated with the appearance of new phases on the basis
of the traditional approach.
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3. PHASE FORMATION IN THE Ti-Al-Fe-Fe:03
SYSTEM

3.1. Particular problems of the theory of reaction
diffusion with reducing stages

So, from the chemical point of view, reactive diffusion is
a solid-phase reaction controlled by the supply of reactants
through the layers of reaction products. From the physical
point of view, reactive diffusion is a chain of competitive
phase transformations in the concentration gradient in the
diffusion zone [76]. If in a system of two metals (diffusion
proceeds by the mechanism of substitution) or in a metal-
gas system (diffusion proceeds by the mechanism of intro-
duction) with the formulation of problems and the choice
of diffusion coefficients all is more or less clear, then in a
complex system in which there can occur both the reaction
of substitution of one metal by another in an oxide and
sequential or parallel reactions of intermetallide for-
mation, the problems on phase formation become very
tentative. However, even in this case they are undoubtedly
useful. For the solution of all diffusion-kinetic problems
we use the quasi-stationary approach, so we will show in
detail the solution only on some examples.

3.1.1. Al-Fe;Os system

According to Refs. [9-14], the following reactions are
possible in Al-Fe,O3 system:

2Al + Fe;03 = AlLOs + 2Fe,
2Fe;03 — 4FeO + Oy,

FeO + AlL,O3 = FeAlLO4,

9Fe;0; + 2Al = 6Fe;04 + AL O3,
3Fe + Al = FesAl.

The presence of FeAl,O4 double oxide and Fes;Al
phase in the products depends on the ratio of Fe,O3 and
Al powders in the initial mixture and the presence of ox-
ide film on aluminium. We consider that reprecipitation
starts at the melting temperature of aluminium. The melt
surrounds the iron oxide particle from all sides. The size
of the areas occupied by the initial phases (R, and R,)
depends on the ratio of components in the initial mixture.

Limiting ourselves to two total phases, resulting in the
formation of aluminium oxide and a mixture of interme-
tallides with the total composition Fe Al,, and assuming
that the refractory iron oxide particle (compared to alu-
minium) has a spherical shape, the sequence of phases will
be depicted as shown in Fig. 3.

We assume that the size of the total oxide particle R ,
which includes Fe,O3; and Al,O3 oxides, does not change,
so that in our problem there will be only two moving

| | |
. | |
| Fe,0, |ALO,| FeAl | Al
|
! | 1 G
I Xl(t): |
| < | X (1)
: | L
| | [
! C1 |
I Y R S L
0 R,=const R,=const

Fig 3. The sequence of phases in the FexOs-Al system
(without taking into account the formation of solution and dou-
ble oxide).

boundaries, between the oxides X, and between the inter-
metallide and aluminium X,. As a result, the reaction dif-
fusion problem will take the following form:

oC, 1 o ,, 0OC,
= —| 7D, ; 7
ot i 8}( “ or ™
aC‘Fe O
r=0; ——= 0’ 8
or ®)
r= Xl (t) Fe,0; — Co’ CA1203 = C]: (9)
(C _C )dX] _ 0Cre0, D Co, |
Fe,04 Al 05 dt Fe,04 or Al,Os or )
(10)
r= Rp = const: szoz e ‘/Cpe‘m‘&
Cyi0 0Cs, u
D =D, 11
ALO, T o FeAl, T o (11)
r:XZ(Z): CFeYAlv =G, CAlzla (12)
dX aCvFeYAlL. 5C
(CFexAlv -Cy )d_tz = _DFexAl‘, o +D, ALy (13)
r=R : 9Cy 0.
or

Here index k = Fe;03, AlLO3, FecAl,, Al corresponds to the
area occupied by the phase; C, is the concentration of alu-
mina in these phases. Condition (8) is a symmetry condi-
tion; (9), (10) and (12), (13) are conditions on mobile
boundaries separating new and old phases; condition (11)
corresponds to an ideal contact between phases, but in-
cludes different mobility of diffusant in phases; the last con-
dition is a condition of absence of sources and sinks on the
matrix (aluminium) boundary, falling on one particle. The
size of the calculated area is calculated by the formula:

R=R”

m %/aa
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where m, is given initial volume fraction of particles. At
the initial moment of time there is only aluminium and
iron oxide.

In the quasistationary approximation instead of Eq. (7)
we have stationary equations:

dC
in r’D,—% |=0.
re dr dr
In the area of aluminium C,; =1; in the area of iron

oxide C,, = C, =0. In the new phases, the concentration
distributions have the form:

C(r)=-15. (14)
r

where k=1 and k£ = Al,Os denote oxide area Al>O3, k=2
and k = Fe,Al, denote intermetallide area.

From conditions (9), (11) and (12) we find a system of
linear equations for determining the integration constants:

A
-—L+B =C,
Xl
A
——2+B,=C,,
X2
A A
—R—1+Bl = Y(_R_z—’_BZJ ,
P P
A_p A
Al, Oy R2 Fe Al, Rz

The solution of this system has the form:

DFeXAlJ, (X1X2R )(Ycz _Cl)

A = ,
X, (R, = X,)=¥Dy,0, X, (R, - X,)

1

D,

Fe, Al

DA1203 (XleR )(Ycz _Cl)
DFeAAIJ,XZ (Rp - ) YDo0, X, (Rp _Xz),

4, =

A4 A
Bl = CI +71, B2 = C2 +X—2.

1 2

Since the positions of the interfaces change in time, the
integration constants also depend on time.

Using the obtained solution, from conditions (10) and
(13) we find the equations for determining the position of
the phase boundaries:

ﬁ_ XAL,R, DAIZOJDFe Al (yC -G )
Ldt X, Dy X, (R, X,) =Dy X, (R, - X,)

dX
C,-1)—%*=
(&.-1) dt
_XlRp Dy, a1, Daiyo, (YC C) (1)
X2 DFexAI‘.X2(Rp_X]) YDAIOX(R _XZ)

It is convenient to solve the system of ordinary differ-
ential equations by the Euler method, assuming that at the
initial moment of time the boundaries are separated from
R, by some small distance.

Knowing the position of the interface, we can deter-
mine the size of the areas occupied by the phases and cal-
culate their volume fractions:

MFe,0, = XS/Rma Nalo, _<Ri_X13)/R;’
nFeXAI (X RS) mo Tl _(R;_X;)/R;'

In calculations the Arrhenius dependence of diffusion co-
efficient on temperature is assumed:

E
D, . =D, exp| ——]|,
ph,i 0,i p[ RTJ

and the temperature is set to 7= 1100 K.

The concentration distribution and the position of the
boundaries for this problem are given in Fig. 4 for differ-
ent moments of time. Data for diffusion coefficients are
given in Table 1.

Since the metal chips used in the experiments [37-39]
are rather flat objects, considering such a problem in the
Cartesian coordinate system, we obtain linear distributions
of concentrations

C.(x)=4x+B, (16)
where
DFeAA]) (yC2 Cl)
4 =
DFcAA]y (R _Xl) D, 505 (Rp Xz)
4 = Al ,0; (YC -C )

2

DFeXAl‘. (Rp - X] )_YDA1203 <R1) - Xz )
B =C-4X,, B,=C,-4,X,,
and equations for moving boundaries of the form

dX, _ DFe)AI ALO, (YC C)

g hanil B )
b DFeKA]y (Rp - X, )_yDA1103 (RP _Xz)
(C 1) dX2 __ DFeXAlv DA1203 (YCZ - Cl)
’ dt DFexAly (Rp _Xl)_yDA1203 (Rp _X2>.

a7

Table 1. Data used to calculate diffusion coefficients for phase
formation in the system Fe203-Al [77].

Phase D,, m?*/s E, kJ/mol
AlOs 5-104 380
Fe:Al, 1.46-1073 223
FeAl2O4 4.6:107 162
Fe(Al) 1.46-10°3 223
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Fig. 4. Distribution of aluminium concentration in the formed
new phases at different moments of time: (a) t=70s; (b)
t=100s. ¢, =0.02, C,=09, y=1, R, =100 pm, n,=0.2,
T=1100K.

It follows from Eq. (15) that

X =-X;+R |1+ ! ,
1-C,

and from Eq. (17) that

X, =-X, +Rp[1+ G j
-G,

A comparison of the interface dynamics for the planar
and spherical problems is given in Fig. 5. For the bound-
ary separating intermetallide from aluminium, we obtain
very close laws, while the boundary separating oxides
changes differently. By a certain moment of time the sub-
stitution reaction in the spherical particle is completed,
while in the case of the planar particle there is a slowing
down of the growth of the Al,O3 phase. The interfaces in
each case move according to the same laws, but the rates
of phase formation are different and depend on the value
ofthe C, /(1-C,).

This cannot be said when taking into account the pos-
sible formation of other phases in the system. For exam-
ple, assuming that the formation of an intermetallide on
the aluminium side is preceded by the formation of a solid
solution, we arrive at a problem corresponding to Fig. 6a.

For variant in Fig. 6a, the problem for the Cartesian
coordinate system is solved in the approximation of the
constructed size of the total oxide particle. The conditions

Xi,p.m
1204 Al FeX& X, )
100 — =h
A\ p 1
80173 ALO,
60+ S S Ny
401 NS
20 Fezos - 51*

0 : . .
0 200 400 600

Fig. 5. Interface dynamics during the formation of two new

phases in the Fe203-Al system. Solid and dashed lines corre-

spond to the solutions in the spherical and Cartesian (for a flat
particle) coordinate systems, respectively.

800 t,s

1 1 1 (a)
Fe,O, : 1 2 : 3 : Al
1 ﬁ C
4
: C3|C/I:%
I AlLO, 2 1
ell I I
I I
Cl:/ Fe Al, :Fe(AI):
______ L L _L___L___1l_3
0 X,(t) hi=const X,(t) X5(t) hy x
I I
Fe0,1 1 12 131 A |®
I I
:FeAI204: C3|C,/I:;
! C :j 2 1
iR -
c.! |Cl :FeXAIyl
1 1 AlL,O;1 !
C-o - L 1 _ S _bL_--_L___1_
0 Xy(t)  Xy(t)  Xs(t)  Xu(t) hg x

Fig. 6. Sequence of three phases in the Fe2O3—Al system (a) with
solution formation; (b) with double oxide formation.

at the fixed boundary and at the mobile interfaces are for-
mulated similarly to the previous one. The concentration
distributions in the phases have the form (16), where the
six integration constants are found explicitly from the six
boundary conditions and have the following form:

(ch_cl)
(h—X,)—v0(h - X,)

(C4_C3)
X,-X,’

4 = , 4, =04, 4, =

B =C -4X, BZ=C2—A2X2,B3=C4—A3X3, (18)

where

D
0=0(T)=—"2.

DFeYAlv

The equations for the interfaces are fully coupled and
analytical estimates are not possible:
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dX, szo3 (ch _C])

Var (b -X,)=v0(h - X,)

>

dX
(GG =
_ DA1201 ('YCZ _Cl) D (C4 _CS)
(h-X)-v0(h-X,) ™ Xx,-x,’
(.- p (G-6) (19)
4 dt Fe(Al) X3 _ X2

This system was solved numerically using Euler's method.

The interface dynamics is shown in Fig. 7a. The alu-
minium oxide phase grows the fastest at the chosen set of
parameters (Table 1). This is also shown in Fig. 7b, which
shows the change of volume fractions of phases in time.
The distributions of alumina concentration in the phases
by the time 400 s are shown in Fig. 7c. It is accepted ac-
cording to equilibrium state diagrams [78,79]: C, = 0.01,
C,=0.72, C,=0.73, C, =0.98.

In the spherical coordinate system, we have distribu-
tions (14) in each of the three phases:

A

CAI:O3 (r) = —7'+Bl,
A

CFeA.Alv (}’) = _72+Bz’
A

CFe(Al) (I’) = _73+B3‘

In this case, to find the integration constants we have a
system of six linear equations

r=X(t): —%+B1 =C;

A 4
ALO; p2 T TFeAl, p2
RP RP
r=X,(t): ==%+B,=C,, ——2>+B,=C;;
2 2
A
}":XS(Z): _734‘33 :C4’

3

the solution of which is conveniently represented in the
form:
XleRp (ch - Cl)

4 = , A, =04
bOX, (R, -X,)-v0X, (R, - X,) T

1

160 um
1404 Al

120 e 4
100 XYy
80 273 ()
60
40+

20+ 273

(b)

0.0+ ; T T T T T T
0 100 200 300 400 500 600 700 t,S

C X4 hy X, Xg

0.8+
0.6
0.4+

0.2+

0.0+
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Fig. 7. Dynamics of interface (a), volume fractions of phases (b)
and concentration distribution (c) at the time ¢ = 400 s. Calcula-
tion was carried out at 7= 1100 K.

A A
Bl = Cl +7‘, BZ =C2 +72,

1 2

:(C4—C3)X3X2 g o CX—CX,

3 > 3 X3—X2

20
XX, (20)

The equations for the three moving interfaces are ob-
tained from the conditions for flows similar to Egs. (10)
and (13):

dX A
-C =—L=pD —,
" AlLLO, X12
dX A A
(Cz _Cs) dtz :|:_DFe)Al). Xzz +DFe(Al) stz }
ax A
(C,—1)—2=-Dy ) — (21)
! dt Fela) 2
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Fig. 8. Dynamics of interface boundaries (a), volume fractions of phases (b) and diffusant concentration distribution in phases at
different time moments: £ = 100 s (c) and 7 = 400 s (d) during phase formation in Fe203-Al system taking into account the possible
appearance of double oxide. Parameter values: 7=1100 K; C, =0.08, C; =0.28, C,=0.29, C; =04, C, =041, C; =0.73. In sub-
figure (b): 1 — Al2O3; 2 — FexAly; 3 — FeAl2O4; solid lines — 7= 1100 K; dashed lines — 7= 1200 K.

For the situation shown in Fig. 6b, we come to the prob-
lem with four moving interfaces. But the number of new
phases is still three. In this case, in the distribution (16) for
the Cartesian coordinate system, taking into account the no-
tations in Fig. 6b, we come to the problem with four moving
phase boundaries:

=(C1’_Cl) B :C1X2_C1’X1
1 XZ_XI ’ ] XZ_XI '
:(CZ’_CZ) B - C2X3_C2’X2
’ Xs_Xz ’ ! X3_X2 ’
A =(C3'_C3) B. = C3X4_C3’X3 (22)
’ X4_X3 ’ ’ X4_X3 ’
and
&:—D —(C"_C‘)
U dt "X,-X,
(Cl'_cz)d)(2 =|:_D1 (Cl _C1)+D2 (CZ_CZ):|a
dt X,-X, X, -X,

dx ¢ -C
(C;—l)—4=—D3(3—3). (23)
dt X, - X,
where D, =Dy o,> D, =D, > D; = Dy, are alumin-

ium diffusion coefficients in phases. As above, we can cal-
culate the volume fractions of phases:

MNke,0, :Xl/ho’ MNreao, :(XZ_XI)/hO’
MNal,o0, =(X3_X2)/ho’ MNee, AL, =(X4_X3)/hos
Nai =(ho_X4)/ho-

The results of calculations are presented in Fig. 8. The
aluminium oxide phase is located between the boundaries
X, and X,. In this case, its share in the total volume of
phases grows slower than in the previous case. The fastest
growth is observed for the intermetallic phase. Note that
the rules derived in Ref. [36] for the fastest growing phase
can hardly be applied here, since in the real situation there
are many kinetic difficulties, such as the existence of ox-
ide films on metals.

3.1.2. Ti-Fe;0;3 system

The Ti+Fe,03 system seems to be similar to the Al+Fe,Os3
system. According to the phase diagrams [80—82], several
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Fig. 9. Dynamics of interfaces (a,b), volume fractions of phases (c,d) and distribution of titanium concentration in phases by the time
t = 80 s (e,f) for different initial compositions of the Fe2Os3-Ti system: on the left — iron oxide volume fraction is 0.4; on the right — 0.6.

ternary phases are possible in the Ti-Fe-O system: Fe,Ti,
FeTiO, FeTiOs, Fe,TiO4, Fe,TiOs, and in the Ti-Fe sys-
tem there are two stable compounds: FeTi and TiFe,. Lit-
erature data indicate that the Ti,Fe phase is a metastable
compound and can only be obtained by vapour quench-
ing [83] or mechanical alloying methods [84]. Other re-
searchers have reported Ti>Fe as an oxygen stabilised al-
loy due to the fact that this phase was obtained by the
interaction of Ti and TiFe only in a solid phase reaction,
which was observed as the nucleation and growth of a
fine Ti/TiFe eutectic with the presence of residual oxy-
gen during synthesis. According to Ref. [85], the follow-
ing main reactions take place in the Ti-Fe,O3 system. The
first one is reduction of Fe,03 by titanium to form Fe and
TiO; oxide:

2Fe,O3(1IT) + 3Ti — 4Fe + 3TiO,

The system with excess Ti can provide temperatures up to
1800 K, which are higher than the eutectic temperature
(~1600 K) in the Fe-Ti system. Therefore, the second
stage under conditions of rapid temperature change will be
the formation of intermetallic phase Ti,Fe, which the au-
thors of the article represent as follows:

Ti (excess) + xFe — Ti (excess) + yTizFe

The problem of reaction diffusion for this system for condi-
tions of solid-phase sintering in the first approximation is
similar to the problem for Al+Fe,Os taking into account so-
lution formation. Then in Fig. 6, phase 1 is TiO,, phase 2 is
Fe,Ti,, and phase 3 is Fe(T1i) solution. The solution is com-
pletely similar to the previous one and is not presented here.

For different initial compositions the dynamics of the pro-
cess is shown in Fig. 9. The following parameters were used
in calculations: 4, =120 um, C, = 0.6, C, =0.78, C, =0.8,
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C, =0.98. y=1, the diffusion coefficient of titanium was
taken as Dy, =7.7-107 m%s, Dy, =85-107" m?s,
Dy =2.6-107" m?s.

To conclude the section, we present a model of inter-
action in the Ti-Al-Fe,O; system [39], assuming that the
chip can be considered as a flat object, the oxidised part of
which is in contact with aluminium. In this case, a reduc-
tion reaction takes place. The released iron goes to form
intermetallides of the Al-Fe system. Titanium can also in-
teract with the oxide, but due to its high affinity for alu-
minium, it is most likely that it will pull away aluminium
to form intermetallides of another group Ti-Al In this
case, the conditional reaction cell will take the form shown
in Fig. 10. We assume that the total size of the region with
AlLOs and Fe;O3 oxides (shaded in the figure) does not
change and is equal to 8. The initial composition of the
reactive cell is characterised by three regions: from —#, to
0 s Ti; from 0 to A, — & is Al and from A —& to 8 is FexOs.
Aluminium can move through six regions. In the same fig-
ure, the region containing iron and carbon is highlighted.
In the first approximation we do not take into account the
diffusion of carbon. However, this region participates in
the overall balance of phases in the system.

At the outer boundaries of the region we have the con-
ditions:

e Ti,

oG, =0 and x="4,: oc,

X ox

xX==h,: =0.

The conditions at the moving boundaries are similar to
the previous one, and at the boundary /4, — & there is a per-
fect contact. At the initial time, the boundaries X, and X,
are close to &, —§; and the boundaries X, and X, are close
to zero. The detailed solution is presented in Ref. [39]. Let
us write out here only the final result:

(4, (1)~ (h ~8))" = -2pr.
X, =—oX, +(h -8)(1+a),

K- p ST
60 ~Cs 1TH
C,-C 2
X, =—pX =p\/D L, (24)
’ ) ’ Coo—Cs, 1+p
where
c,-C D C,, —C
o = =10 2 BzD 5 (Y 30 20)<0,
C30_C40 73_.,_70( (Clo_czo)
D,
:C60_C51'
CSO_CIO

Knowing the initial composition of the powder press
and using the obtained analytical solution (24), we can de-
termine the composition of the products by the end of the

-h, X4(;) 0 X(t)  Xft) N Xs(t) by h;x

1
Fig. 10. Sequential arrangement of phases during phase for-
mation in the Ti-Al-Fe,O3 system.

sintering process. At the initial moment of time the volume
fractions of phases in the system Ti+Al+Fe,Os3+(Fe+C)
correspond to the ratios of lengths of segments #,, 4, -9,
Sdand A, —hy, e

_h _ h -3 6
No,Ti I+ Iy > Moal I+, > Mo fe,0, I+ hy >
ho B h1

NoFerc) = .
’ h,+h
) Thy

Here § is the thickness of oxide film; 4, —(h1 —8) is chip
thickness.

Over time, other phases emerge, with their fractions
given as

_X4_hz _XI_XZ _hl_Xs
Mg = I+ hy > MNar = I+ > Mge,0, = I+ hy >
n =X3_(h1_6) N, :Xz_X4

ALO, I+ hy > Nrial, I+, >
-0—-X

MNalFe, :hl -
hy +h,

The 1., fraction does not change in this approximation.

Fig. 11 shows a comparison in the dynamics of compo-
sition change and in the dynamics of interface for different
initial compositions presented in Table 2. Composition 1
corresponds to the dimensions in Fig. 10: A =121 pm,
h, =374 um; composition 2 dimensions are /#, =220 pm,
h, =275 um. Diffusion coefficients in phases are the same
as above. In calculations it is accepted: C,, =1, C,, =0.72,
c,=010C,=0,C,,=0.65C, =0.13,C,, =0. We see
that the proposed model responds quite adequately to the
change of parameters. At temperature decrease, obviously,
diffusion coefficients decrease, which leads to slowing
down of phase growth (not shown in the figures).

3.2. Mechanical stresses in localised volumes

To estimate mechanical stresses in the local regions of in-
teraction between the mixture components, we use the
same approach as the authors of Refs.[40,43,45,46—
50,52-54]. Since the interaction products are refractory,
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Fig. 11. Position of the interfaces (a,b) and diffusant concentration distribution (c,d) at the time # = 50 min for different initial compo-
sitions (Table 2). 8 = 50 pm, 7= 1300 K, y=1.1.

Table 2. Compositions at the initial moment of time and at the end of the process (10% of the total composition is Fe+C).

Phase  Initial composition 1, %  Initial composition 2, %  Composition 1 at ¢ = 60 min Composition 2 at ¢ = 60 min
Fe203 9 9 1 1

Al 13 31 7 25

ALO; - - 8 8

Ti:Al, - - 11 11

AlFe; - - 3 3

Ti 68 50 60 42

we limit ourselves to the elasticity theory approximation.

Let us generalise the relations between the components of = L( ov J 27
the stress and strain tensors as follows 3 aC,
o, =2ue; +9, [7\8,{,{ -K co], (25) Mechanical properties of all phases used in calculations

are presented in Table 3.
In the case of a spherical particle the symmetry condi-
tions allow us to consider

where in each phase

0=3> 0, (C -C,) (26)
pa Gy, =Ogy =0, =0,
Hereinafter designations are taken as follows: €y, = Eqy =&y, = 0,
p=E/[20+Vv)], A=Ev/[(Q+V)(1-2v)] are Lamé coef-
ficients, £ is Young's modulus, v is Poisson's ratio, and the other components of the stress and strain tensors
K =E/[3(1-2v)] is bulk elastic modulus; 5, is Kron- are functions only of the radial coordinate and time as a
ecker delta (5, =1, if i = j; 8, = 0, if i # ), are concen- parameter. Under these circumstances:

tration expansion coefficients determined by the formulas
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Table 3. Properties of phases.

Phases K,GPa E,GPa v P, glem®  m,, g/mole

Fe20s 178.33 210 0.31 5.24 160

AlO; 230 380 0.25 3.95 102

Fe:Al, 187 296 0.236  5.56 82.8

Al 75 70 0.34 2.7 27

Fe(Al) 85 87 0.33 3.47 82.2

FeAl204 1724 153.8 0.35 43 173.8

TiO2 210 250 0.28 4.23 80

Fe(Ti) 104 118 0.31 5.2 151.7

Fe,Ti, 127 160 0.29 4.75 151.7

Ti:Al, 110 192.7 0.21 4.2 74.9

Ti 103.7 112 0.32 433 47.87

Fe+C 160 190 0.3 7.8 55.36
= =y = (28)

Hence, in each phase we have the following equations re-
lating stresses and displacements:

K duk+ v, E, (duk Zu_kj

rr.k _1+Vk dr (1+Vk)(1_2vk) E-’- r

_L@
3(1-2v,) ©

Ek uk vkEk duk uk

= e 2_

Sook = Tppk = l+v, r +(1+Vk)(1—2"k)( ar rj
_Lm
3(1-2v,) ©

In the spherical coordinate system, provided that the
properties in phase do not depend on the coordinates, we
obtain the equilibrium equation in the form of:
dc, 26, =0y =0

rr +
or r

=0. (29)

Then for each phase we find:

d| 1 d(”zuk) 11+v, do,
—| =— . (30)
dr|r dr 31-v, dr
Hence
1l+v, 1| ) . H,
u, =— — o, (r)rdr+—r+—"-. 31
k 3l-v, r k( ) r’ G

Here k = Fe,03, AL,Os, FeAl,, Fe(Al), Al.
Expressions for the components of stress and strain
tensors in each phase are as follows:

1 | 1 E
GVV k = 75 k _3J‘ 2dr+_ L F}f
’ 3l=v, 31-2v,
H, E
22—
r 1+vk
1 E 1 ¢
Gee’k:GM’k:gl—i rTImk(r)err mk( )
k %
1 E E
T P B,
31-2v, rl+v,
I+v, [ 21 % 5 i
g , =—|—— o (r)rdr+-o, (r)|+—
e e ere e
H
_z_k’
i
11+v, 1 F, H,
€0k = gk :gl_vk r_3J'(Dk (r)rzdr+?"+r—3’. (32)
PR

To determine the integration constants F, and H,, it is
necessary to formulate the conditions at the interfaces. We
assume that at all interfaces there are ideal contact condi-
tions, which means that the radial components of the dis-
placement vector and the radial components of the stress
tensor are equal. In the center of the particle we have the
symmetry condition

Upe,0, = 0,

at the boundary of the region we assume

=0.

rr Al

Substituting the obtained solution into the conditions
at the boundaries, depending on the number of phases, we
obtain systems of linear equations of different dimension-
ality. Since in the equilibrium problem the time included
in the solution of the diffusion-kinetic problem is a param-
eter, knowing the position of the interface, we find the dis-
tribution of stress and strain components at given mo-
ments of time.

In the Cartesian coordinate system, the solution of the
equilibrium problem of an object consisting of several lay-
ers differs from the one just considered. Thus, the equa-
tions of equilibrium in this case do not allow us to solve
the problem. We assume that our multilayered object is a
plate, unfastened and free from external forces. In these
conditions we have:

o =0_=0_=0c_=0,

xx Xy xz yz

o.=0, =0(x).

zz

From the compatibility equations there remain two equiv-
alent equations
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dZ
e, =¢, =¢(x), dxf =0. (33)
Hence,
e.=¢,=Nx+M. (34)

From relations (25), we shall find:

c.=0, :c:2ps+[k(2a+exx)—1<w],
o, =0=2ue, +|:7\,(28+81W)—K0):|.

The last equality gives:

Kon-2\e
sﬂz[ ]=ll+vm— 2 €. (35)
A+2u 31-v I-v
Therefore
® E
=—— + Nx+M). 36
° 31-v l—v( * ) (36)

These relations are true both for each phase separately and
for the whole system. To find the integration constants N
and M we use the integral equilibrium conditions [86].

For a free non-fixed plate (chip), the total force along
the contour and the total moment of forces are equal to
Zero:

hy

j()dxoj

0

xdx 0. 37

The stress ¢ acts perpendicular to the plate contour in
the yz plane, 4, is total thickness of the plate.

Substituting the found expression (36) for stresses into
the conditions (37), we find a system of linear equations
for determining the integration constants

_T@I—vd +N]ﬁ

0

hy E
xdx+MI—dx=O,
o 1=V

i 1_anV Nj

x dx+MI—xdx 0.

0

Since the function (D(x,t) depends on the coordinates (on
the area occupied by a particular phase) and the properties
of the phases are different and may depend on the compo-
sition, all quantities remain under the integrals. Let us rep-
resent the last equations in the form

L +N-L,+M-1,=0, —=J,+N-J,+M-1,=0, (38)

where

—hf CL)(x’t)idx J =—J‘—w(x’t)ixdx
¢ 3 1-v 7 ’

o o
I, = J.lixdx, I, = Jli

0o+ 0o 1TV

hy E ,
xdx, J, = j—x dx.
S Y

The solution of the system (38) has the form:

:Jl'la_ll'lz :Jl'lz_ll'*]z

) 39
*]2'13_122 J2'13_122 ( )

Note that such problems are well known in the theory
of thermoelasticity. Their solution methods are also sim-
ple and clear. The main problem here is related to the
search for parameters and to the definition of functions
0, (r), co(x, t). However, since in the quasi-stationary ap-
proximation we obtain the concentration distributions in
explicit form, some of the problems are eliminated.

For example, for the Al-Fe,O3; system with three
formed phases (Al,O3, Fe,Al, and Fe(Al)) in the quasi-sta-
tionary approximation, the concentrations in the region of
the particle material and matrix material are constant and
equal to, respectively, 0 and 1 In other phases we have lin-
ear distributions.

According to the definition, in each phase in relations
(25):

o, =3 af (cf-ch)

where £ is the phase number,  is the component (diffusant)
number.

If a single element diffuses, we omit the component
index as above and leave only the phase designation, mov-
ing this index downwards. Then

o =3[ ab (Ch = Chy )+t (Chy = Ch )|

= 3(“2 _al;h)(cg _Cgo)E (ak _ako)(ck _Cko)

o, = (ak _ako)(ck _CkO)’ (40)

where af) = o, is the concentration expansion coefficient
of diffusant in the phase £, a‘;h = a,, is the effective coef-
ficient of concentration expansion of the kth phase,
C) =C, is concentration of diffusant in kth phase,
C) + C’;h =1.

The question arises: “How to estimate the concentra-
tion expansion coefficients?” In thermodynamic theory,
these coefficients are defined similarly to thermal expan-
sion coefficients and can be either adiabatic or isobaric:

o =—| 2| (41)
3| ac,

i.e., calculated or found at constant entropy or at constant
pressure and temperature. This definition holds for any
components of a homogeneous mixture. In this case
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1w

3ZWI.’

where w, is the molar volume of the component in the
“own” phase (intrinsic molar volume).

In a heterogeneous (multiphase) system, each phase is
in a constrained state, and in principle can border with any
other phase, as well as with a crack or pore. Therefore,
when estimating these coefficients, we shall assume that
the phases are as if “smeared” throughout the local volume
V, so that the definition remains valid, but the number of
elementary components includes phases. Then for our sys-
tem (in which the formation of a solution is taken into ac-
count) we write, for example, for aluminium

o, = (42)

1 Wy
oy =— )
3 Wee,0, T Waio, T Wre,al, + Weean T Wai

where w, =m, /p, . Thus, the defined coefficients will be
different for the same system but with different phase se-
quence (Figs. 6a,b), i.e., they will formally take into account
the presence of neighbours. This is shown in Table 4.

Since the solutions of diffusion-kinetic problems are
known, the formulas for stresses can be written in the ex-
plicit form.

Thus, for the spherically symmetric problem for the
variant shown in Fig. 6a from Egs. (31) and (32) we find
for the region occupied by iron oxide:

_ FFeZO3 HF5203

Upe o, = —3 r+ —rz .
G _ 1 EFeZO3 HF5203 E‘FeZO3

rr,Fe,05 -5 Fe,04 - 3 s

3 1—2\/FeZO3 r 1+vFeZO3

G =G _ l E‘FeZO3 + HFe203 E‘FeZO3

00,Fe,05 — D p,Fe,05 — 4 Fe, 04 3 ’

31— ZvFeZO o1+ VEe,0,
_ F‘FeZO3 ) ]—IFeZO3
8”’,[) - T - r—3 >
_ _ F'FeZO3 + I—Il-'ezo3

€06,Fe,0; — Eo0,Fe,05 — 3 £

For the area occupied by aluminium:

F, H
Uy = ;I r+ ;1 ’
r
G _ 1 E, _ H, E,
Al T Al 3 s
31-2v, r’1+v,
o =0 = lLF + HAI i
00,40 = Cgo.at 3T Al 3] >
— 2V, r +Vyu
< _FAI_ZHAI € = _FA1+HA1
" - b - - .
LAl 3 ]"3 00,Al o, Al 3 }"3

Table 4. Concentration expansion coefficients for the system Al-
Fe203 with double oxide formation.

Phase w,, m*mole q, for the scheme q, for the scheme
in Fig. 6a in Fig. 6b

Al 10-10°6 0.029 0.025

Fe20s 30.47-10°%  0.088 0.077

AlO3 36.4-10°  0.105 0.092

FeAly 14.89-10°  0.042 0.037

Fe(Al)  14.89-10° 0.068 -

FeAOs 40.42:10° - 0.102

For each phase in the transition layer between Fe;Os3
and Al (indices at the coefficients correspond to the desig-
nations in Fig. 6a):

11+V( 1 % F H,
ukzgl—vj( r—z)}[&)k(}’)}’zdr+?"r+r—2",
2 E 1 ¢
Grrk:_gl_i/k Fimk(r)rzdr+_ _ka .
Tk E,
Pty
1 E 1 ¢
O =%us =372, [Ffmk(r)rdr—wk(r)
k X,
l Ek 4k Ek
31-2v, 14y,
1+v 21 %
kT 1_\/: —gr—;)}[ W, (r)rzdr+—o)k (r) + kK
H
_2r_3k’
11+v, 1 % H
ook = Copi zgl_vk FTI‘D:{ (r)ridr+— +r—3",
k X
Imk(r)ﬂdrz3(ock—ocko)J.Ck(r)rzdr’
X, X,

where o, (r) follows from Eq. (40), and C, (r) is from
Eq. (14).

Since the interfaces are functions of time and time is
an external parameter in this problem, the integrals from
the concentrations are easily taken
I, = I C, (r)rzdr = —%(1’2 —sz)+%(r3 —Xk3). (43)

Xk

The integration constants F,, H, for each region are de-
termined from the boundary conditions, which we choose
as ideal contact conditions, i.e., the radial components of the
displacement vector and stress tensor are continuous at the
interface. In the center, the symmetry condition is satisfied,
and on the outer boundary of the region (reaction cell) either
no load is applied or displacements are forbidden. For the
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scheme in Fig. 6a (with solution formation) we have 10

equations for determining 10 integration constants:

r=0 Hy, =0;
., F
r=X;: /2 x?="Lx'+H,,
3 3
1 E‘Fc703
Y - FFeoXl3
31-2vg 0, ’
:1 ALO, EX13 28, AlO, :
31-2v,, +Vao
11+v
r=R,;: ———"%3(c, —a,,)I,(R,)+=1R,} +H,
31—VA]203
=—2R’+H,,
2 ALO.
——3 o)l (R
31_VA1201 ( 1 10) 1( p)
1 E
ALO, ER3—2H1 Al,O;
31-2v,, v 1+v,,
:l EFeAlJ FZR3 28, EFeXAl\. :
3 1_2VFe Al : 1+VFe, Al
1 1+vg
r=Xy - 3 (0, —0ny ) () + 2 X, + H,
31_VFe Al
==X,'+H,,
2 EFeA]
-— ——3(a, —a,, ), (X
31_VF5XA1, ( 2 20) 2( 2)
E
l Fe Al F X23 28, Fe, Al
31 2VFexA] +VFeXA]J,
1 FA) ooy _op Fe(Al)
- 3“2 3 >
31-2v, (A1) 1+VF€(A1)
1 1+vg,
r=X, 31 A 5 Q, OL30)[3()(3)"'_3)(33"'[-13
™ Vie(a)
F,
=X’ +H,,
3
2 EFe(Al)
31 3oy~ ) I (X5)
3 ~ VEe(a))
+l RA) gy _opg Fe(Al)
3473 3
31_2VF0(A1) 1+ Fe(Al)
1 E E
— Al FA1X33 _ 2HA] Al ;
31-2v,, 1+v,,
3
r=R: —=F,+H,, =0
Here

H(R,)=- 2 3 ’
i 2 _p2 3_p3)]

1 ()= 2R )—Bz(Xg a3l
i 2 y2 3 3:

()= A3(X32 X, )_33()(33 X'

This equation system can, of course, be solved exactly.
However, to avoid errors, for problems with more than
two new phases, it is better to apply any convenient nu-
merical method.

In the Cartesian coordinate system, everything is much
simpler, as it is required to find only two integration con-
stants in the equilibrium problem. However, cumbersome
coefficients appear. For the scheme shown in Fig. 6a, in
Egs. (38), under the condition of constant phase proper-
ties, we have

s B, (i) B,
1
X, 3 1- Val0, I 1- Ve al,
+T 0)3(x,t) Erea d
X, 3 l_vFe(A]) ’
P oleve,, 20 l-vge 202
1- Vee,al, 2 2 1- VEe(al 2 2

l-vyl 2 2

EFe(Al) EAI
+——(X, - X, )+ h —X
1 VEe(al ( ’ 2) 1 Val ( ’ 3)’

Iy E X, E
J = J~ o, (x,l) ALO, ey j o, (x,t) Fe, Al b

X, 3 1- VLo, hy 1 Ve al
X.
o, (x,t) E
n J’ 3 ( ) Fe(Al) xdx,
X, 3 1- VEe(al)
EFezoz X]3 EA1203 h13 XI3
J, = Sy AR
1=Veo, 3 1-vyo L3 3

N EFevAlv\. X_;_ﬁ N Era E_X_;
I-v 3 3 3 3

Fe Al,

o B (WX
I-v,\ 3 3

1- VEe(al

Reviews on Advanced Materials and Technologies, 2024, vol. 6, no. 3, pp. 132-156



A.G. Knyazeva, M.A. Anisimova: Stresses in local volumes during reactive sintering of powder mixture...

150

h1HX21X3

06 b
0 20 40 60 80 100120 140 X,um

(a)

8XX
0.06+ X My %e s
0.04- : :

0.02+
0.00+
-0.02+
-0.04
-0.06

0 20 40 60 80 100120140 x,um
(b)

=0__, GPa

zz’

0 . . e . I
0 20 40 60 80 100120140 x,um
(©

Fig. 12. Distributions of strain (a,b) and stresses (c) tensor components at the time 7 =400 s during the formation of phases in the
Fe203-Al system according to the scheme shown in Fig. 6a.
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Fig. 13. Distributions of stress (a,b) and strain (c,d,e,f) tensor components at the time moments ¢ = 100 s (left) and =400 s (right)
during the formation of phases in the Fe203-Al system according to the scheme shown in Fig. 6b.

An example of strain and stress distribution for the mo-
ment of time #=400 s, the same as for the concentration
distribution in Fig. 7, is given in Fig. 12. Since the concen-
tration distributions are linear in the Cartesian coordinate
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system, the mechanical quantities are distributed linearly
along the coordinate. The strains are small and the stresses
in the yz plane are discontinuous, which does not contradict
the continuity of stresses in the x direction (¢ =0). The
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Table 5. Concentration expansion coefficients for the system Ti-

Fe20s.

Phase w,,, m*/mole a,
Fe203 30.47-10° 0.084
TiO2 18.9-10°¢ 0.052
Fe,Tiy 30.93-10°¢ 0.085
Fe(Ti) 29.17-10° 0.081
Ti 10.6:10°¢ 0.029

maximum stresses occur in the aluminium oxide region.
Very high stress values have been obtained by other authors
in similar calculations (references are given above).

In the case of the scheme shown in Fig. 6b, the situation
is similar (Fig. 13). The maximum stresses also take place

125 GZZ:ny,GPa :h‘] : X2 l X3 hO
1] g
81 i
6 I i
44 I :
0] | ~—
-2 . . -
0 50 100 150 200 300
X,1m
(@)
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Xy
-0.021 | |
Xql 1%, !
-0.041 . |
-0.06+ A | |
_0.08‘ \
-0.10 , S
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X,m
(©
0.006+ ¢ =¢
zz Yy
0.004 1
0.002+
0.000+
-0.002
-0.004
-0.006 T L
0 50 200 300

(e)

in the Al,Os region. However, the stresses are higher due to
a different phase composition. With the passage of time, i.e.
with the increase of the size of the growing phases, the max-
imum stresses decrease, which is also noticeable in the fig-
ures. The formulas for calculating stresses and strains are
obtained in a similar way and are not presented here.

Calculation of stresses and strains for the Ti-Fe,Os sys-
tem is carried out similarly. The required mechanical
properties are given in Table 3. The concentration expan-
sion coefficients are given in Table 5. The calculation for
Fig. 14 is made for different compositions of the initial
mixtures and corresponds to the concentration distribu-
tions in Fig. 9. Examples of calculations for the spherical
coordinate system are given in Ref. [87].
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Fig. 14. Distributions of stress (a,b) and strain (c,d,e,f) tensor components at the time ¢ = 80 s for different initial compositions of Fe2Os3-
Ti system: on the left — iron oxide volume fraction is 0.4; on the right — 0.6.
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Table 6. Concentration expansion coefficients for the system Ti- X, o, ( X, t) ETitAl). =8 o, ( X, t) e AL
Al-Fe203-(Fe+C). L= J. dx + .[ —dx
X, 3 1- Vil X, 3 1 Ve al

Phase , m’/mole '

th aA X; 0)3 (x,t) .
Al 10-10° 0.026 + f 37 dx,

-V
ALFe, 14.89-10°° 0.039 h-2 AL
ALOs 36.4-10°6 0.095 E, (X; h’ na, (XD X
[ =—2T | Za D |y T2 s
Fe20s3 30.47-10°¢ 0.08 2 1-v, | 2 2 lT-vg |2 2
TixAly 17.83-10°¢ 0.046 )
Ti 10.6:10°6 0.028 N X' x5 4Pl (h-38) X7
Fe+C 7.1:10° 0.018 vyl 2 2 ) 1-vp 2 2
2
For the ternary system (Fig. 10) in the Cartesian co- ALO; X_az_ (hl _8) Ere0, E_X_sz

ordinate system, the concentration distribution has the 1-Vy0, | 2 2 I=-veo L2 2
form (16). Since six regions are involved in the calcula- g W
tion, the total solution of the diffusion problem contains Q) [_0__‘}
12 coefficients [39]. Stresses and strains are calculated by I=Veo L 2 2

formulas (32)—(34), where integrals involved in the for-
mulae for coefficients (39) are

8XX
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Fig. 15. Distribution of stresses (a,b) and strains (c,d,e,f) in the system Ti-Al-Fe203-(Fe+C) during phase formation at the time
¢t =50 min for different compositions presented in Table 2: Composition No.1 (left) and composition No.2 (right).
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L=—0(X,—h m (X, -X
} l_VTl( ! 2)+ VTiXAl ( ’ 4)
b () (1 —5)- X,
l-vy 7 ~ Vel l 1
A (v (h s R0 () y
1 VA] O4 ( ’ ( 1 ))+1 VFezos ( 1 3)
RO (p
1 VFe(C)( ’ l)’
J :)j-z (N (X,l) ETiV\,AIv xdx+hIJ:5 ®, (X,f) EFeXAl), dx
1 X, 3 l_VTiAAly X, 3 1 VFeXAly

J = E. Xj B h23 N ETixA]‘. X; 3 XZ
Tolevp 3 3 ) devg L3003
(XlS X_§j+ EFe*Aly {(h'l _6)3 _ﬁ

1=V a,

1=-vee 33

The properties of the phases are given in Table 3, and
the concentration expansion coefficients for this system
are given in Table 6. In this case, the maximum strains are
observed in the intermetallic phases Ti.Al, and Al.Fe,
(Fig. 15). The strains in the phases, as above, are both
compressive and tensile, which is directly related to the
different properties of the phases. Different variants of
volume changes in sintering processes associated with
stresses and strains of different nature are discussed, for
example, in Ref. [88]. Composition 2 (see Table 2) is
characterised by higher stresses than composition 1 during
phase growth, as well as by lower strain values.

4. CONCLUSION

Thus, in the present work we have recalled the basic ideas
of the theory of reactive diffusion and variants for stresses
estimation in the diffusion zone in different applications.
We have given examples of particular problems modelling
phase formation in local volumes of the complex system Ti-
Al-Fe,Os3-Fe. We have presented solutions of partial prob-
lems of reaction diffusion theory in the quasi-stationary ap-
proximation and have shown that this approach can be ex-
tended to rather complicated situations. In the calculation of
stresses associated with diffusion and phase formation, the
quasi-stationary approach allowed us to write out formulas

for stresses and strains in explicit form, which is convenient
in those cases where the calculation of stresses is an inter-
mediate step in the solution of problems. As a result, general
formulas for stresses and strains for a multiphase system in
spherical and Cartesian coordinate systems have been de-
rived, which may be useful for other applications.

Note, that in this review the mechanisms of mutual dif-
fusion in phases [89], and also variants of problems with
formation of several intermediate phases [90] were not an-
alysed. However, the methods used in the paper are appli-
cable in these cases as well.
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HanpsiskeHusi B JIOKAJIbHBIX 00beMax NPU PeaKTHBHOM CIIEeKAHU U
nopomkoBoi cmecu Ti-Al-Fe-Fe203

A.J. Kuszepa, M.A. AHucUMOBa

WuctutyT Qusuku npounoctd u MarepuaioBenenus CO PAH, Axanemuueckuit np., 2/4, Tomck, 634055, Poccust

AHHoTanusi. KOMIIO3UThI Ha OCHOBE TUTaHA U aTIOMHHUS IPUBIIEKAIOT BHUMAHHE yXKe HECKOJIBKO AecsaTuieTuil. OUH U3 BO3MOXKHBIX
CIoco00B CO3aHUS TAKMX KOMIIO3UTOB OCHOBAH Ha PEAaKIMOHHO (PEaKTHBHOM) CIIEKaHHM, KOTOPOE MO/IPa3yMeBaeT CIIEKaHHe C COo-
MYTCTBYIOIMMH XUMHYECKMMH PEaKIMAMH, CJISICTBUEM KOTOPBIX ABJISETCS M3MEeHeHHe (a3oBoro cocraBa. B umcno peakiuit Moryr
HENOCPEACTBCHHO BXOAUTH T€, KOTOPbIC IPUBOAAT K 00pa30BaHUIO YIpOUHsouiei ¢a3bl. BecbMa nepcrneKTHBHBIMY A1 HCTIOJIb30Ba-
HMS B 9TOM HampaslieHuH sBisitotcest cmecu tumna Ti-Al-Fe-FexOs, rie ncTouHMKOM OKCHIA JKele3a SBII0TCS OTX0Jbl MeTalI000pa-
60TKH. OIHAKO 1711 MHOTOKOMIIOHEHTHBIX CHCTEM 3aKOHOMEPHOCTH (ha3000pa30BaHusl, KaK U BOSHUKHOBEHUS HANIPSDKCHUH B T dy-
3MOHHOM 30HE, HE OUEBHIHBI 1 HE OJMHAKOBHI U1 BCET0 00bEMa PeakMOHHbBIX cMeceil. B HacTosmel paboTe onuckBaloTCs oomme
UJIeU ¥ METOIbl MOZICIIMPOBAHNUS PEAKIIMOHHOTO CIIEKaHUs, a TaKXkKe AaeTcs 0030p cUTyaluii, Hanbosiee BaxkHbIX 11 (ha3000pa3oBaHus
B BeIOpanHo# cMecH. [Toka3ano, 4To quHAMuKa pocta (a3 U HANPsDKEHUIH MOXKET OBITh Pa3iIMYHON B Pa3HbIX JIOKAIBHBIX 00beMax C
pa3sTUYHBIMH BapHaHTAMM B3aUMOJEHCTBHS YaCcTHILl APYT C IPYTOM.

Kniouesvie cnosa: peaktuBHas qubdysust; poct Gpas; HapsHKEHHUs
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